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Vortices in thin ferromagnetic films and the skyrmion number
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We point out that a peculiar annihilation of a vortex-antovortex pair observed numerically by Her-
tel and Schneider [Phys. Rev. Lett. 97, 177202 (2006)] represents the formation and a subsequent
decay of a skyrmion.
PACS numbers: 75.40.Gb, 75.40.Mg, 75.75.+a
Creation, annihilation, and fusion of topological soli-
tons is constrained by conservation of related topological
charges. For example, in a planar (XY) ferromagnet the
destruction of a vortex always proceeds through its an-
nihilation with an antivortex, a process that conserves
the O(2) winding number. In this note we highlight the
importance of another topological charge for vortex de-
fects associated with the three-dimensional nature of the
spin. Even in magnets with an easy-plane anisotropy the
magnetization can and does point out of the plane at the
core of a vortex.1 Even though the core region is exceed-
ingly small, the direction of its out-of-plane magnetiza-
tion p = sgnMz(0), henceforth referred to as polarization,
is an important parameter. For instance, the gyrotropic
force acting on a moving vortex depends on the polar-
ization p but not on the size of the core,2 indicating a
topological nature of the effect.
Recently Hertel and Schneider3 performed numerical
simulations of the vortex-antivortex pair annihilation in a
thin magnetic film. They noted drastically different out-
comes for pairs with parallel and antiparallel core mag-
netizations. In the former case the two defects dissipated
quietly, while in the latter the annihilation was accompa-
nied by a violent burst of spin waves. Below we show that
the difference is due to the conservation of another topo-
logical charge, the skyrmion number. Hertel and Schnei-
der observed the formation and decay of a skyrmion.
In a thin film with no intrinsic anisotropy the magne-
tization is forced to stay mainly in the plane of the film
by dipolar interactions. Therefore topological defects in
the bulk of the film are characterized by an O(2) winding
number, n = +1 for vortices and n = −1 for antivortices.
At the core of these defects, the magnetization points out
of the plane.1 As a result, there is a second topological
invariant characterizing them, the skyrmion number
q =
∫
d2r
8π
ǫij ǫαβγ nα ∂inβ ∂jnγ = −
∫
d2r
4π
∂(cos θ, φ)
∂(x, y)
,
where nˆ(r) is the unit vector parallel to the local magne-
tizationM(r). Skyrmions were introduced in the context
of the two-dimensional Heisenberg model by Belavin and
Polyakov.4 However, similar topological defects were dis-
cussed earlier by Feldtkeller,5 Kleman,6 and Thiele.2 A
vortex with a winding number n and core polarization p
has a half-integer skyrmion charge7 q = np/2. A vortex-
antivortex pair with parallel polarizations p have oppo-
site skyrmion numbers adding to zero and thus belongs
to the same topological sector as uniform ground states.
From the topological perspective, such a texture can be
deformed continuously into a ground state and appar-
ently this is exactly what happens: the energy decreases
continuously until it reaches the ground-state value.
In contrast, a vortex and an antivortex with antipar-
allel core polarizations have equal skyrmion numbers
adding to a total of +1 or −1. This texture belongs
to a nontrivial topological sector and thus cannot be
deformed continuously into a ground state (with zero
skyrmion number). Eventually the skyrmion decays into
spin waves. A change in the topological sector requires
the injection of a magnetic monopole,7 also known as
the Bloch point.8 This process is strictly forbidden in
continuum theories with a fixed length of magnetization
but is allowed in lattice models.9 When the radius of a
skyrmion shrinks to the lattice scale, the skyrmion can
decay into spin waves. While details of this process de-
pend on high-energy physics (lattice scale or the cost of
locally suppressing magnetization length), the energy of
spin waves released in the skyrmion decay can be readily
estimated.
In the continuum approximation with exchange inter-
actions only the energy is E = At
∫
d2r |∇nˆ|2, where A
is the exchange constant and t is the film thickness. The
local minima of energy in the topological sectors with
q = ±1 are skyrmion textures with energy4 8πAt. Since
the dipolar energy
∫
d3r µ0|H(r)|
2/2 is positive definite,
the exchange part provides a lower bound on the energy
of a vortex-antivortex pair with opposite polarizations.
Furthermore, the dipolar energy can be neglected when
the skyrmion shrinks to the scale of the exchange length
λ =
√
2A/µ0M2 (a few nanometers in permalloy).
For the values of exchange constant A = 1.3 ×
10−11J/m and film thickness t = 10 nm used in Ref. 3
we find Eskyrm ≈ 3.3 × 10
−18 J. This matches well the
energy of the vortex-antivortex pair just before the ex-
plosion Epair ≈ 3.1×10
−18 J (measured from the ground
state), see Fig. 4 in Ref. 3.
Note added in proof: We have recently become aware
of two more papers to which the subject of skyrmion-
mediated annihilation is relevant.10,11
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